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REALIZATION OF COHERENT STATE LIE ALGEBRAS BY
DIFFERENTIAL OPERATORS
STEFAN BERCEANU
Abstract. A realization of coherent state Lie algebras by first-order differential op-
erators with holomorphic polynomial coefficients on Ka¨hler coherent state orbits is
presented. Explicit formulas involving the Bernoulli numbers and the structure con-
stants for the semisimple Lie groups are proved.
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1. Introduction
The starting point of this investigation is the standard Segal-Bargmann-Fock [3]
realization a 7→ ∂
∂z
; a+ 7→ z of the canonical commutation relations [a,a+] = 1 on
the symmetric Fock space FH := Γ
hol(C, i
2π
exp(−|z|2)dz ∧ dz¯) attached to the Hilbert
space H := L2(R, dx). The Segal-Bargmann-Fock realization can be considered as a
representation by differential operators of the real 3-dimensional Heisenberg algebra
gHW =< is1 + za
+ − z¯a >s∈R;z∈C of the Heisenberg-Weyl group HW. We can look at
this construction from group-theoretic point of view, considering the complex number
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z as local coordinate on the homogeneous manifold M := HW/R ∼= C. Glauber [25]
has attached field coherent states (CS) to the points of the manifold M .
We shall consider instead Glauber’s [25] field CS generalized CS in the sense of
Perelomov [52] based on homogeneous manifolds M = G/H . We restrict ourself to
Ka¨hler homogeneous spaces M = G/H associated to the so called CS-groups G, see
[41, 42, 38, 39, 40] and several works of Neeb quoted in [47]. The CS-groups are
groups whose quotients with stationary groups are manifolds which admit a holomorphic
embedding in a projective Hilbert space. This class of groups contains all compact
groups, all simple hermitian groups, certain solvable groups and also mixed groups as
the semidirect product of the Heisenberg group and the symplectic group [47]. We are
interested in the realization of the CS-Lie algebras by first order holomorphic differential
operators with polynomial coefficients.
The present work extends our previous results [5, 6]. The differential action of the
generators of the groups on coherent state manifolds which have the structure of her-
mitian symmetric spaces can be written down as a sum of two terms, one a polynomial
P , and the second one a sum of partial derivatives times some polynomials Q-s, the
degree of polynomials being less than 3 [5, 6]. It is interesting to investigate the same
problem as in [5, 6] on flag manifolds [15]. Some results are available [21], but they are
not easily handled. We give explicit formulas of the polynomials P and Q-s in the case
of semisimple Lie groups and also the simplest example of the compact nonsymmetric
space SU(3)/S(U(1)×U(1)×U(1)), where the degree of the polynomials is already 3.
The paper is laid out as follows. §2 collects some more of less known facts about
CS-groups and CS-representations. We follow [38, 39, 40] and [47]. Many of the facts
summarized in §2 have been already detailed in [8] and [10]. The definition of CS-
groups is contained in §2.1. §2.2 defines the so called Perlomov’s generalized coherent
state vectors in the context of the CS-groups. In §2.3 we recall the construction of the
symmetric Fock space of functions FH on which the differential operators act. In §3
we construct the representations of Lie algebras of CS-groups by differential operators.
§3.1 recall some known facts about multipliers in the context of coherent states. Data
on hermitian representations and differential operators are summarized in §3.2. Simple
examples are presented in §3.3: the Heisenberg-Weyl group and sl(2,C). §4 is dedicated
to the semisimple case. The construction of Perelomov’s coherent state vectors in this
case is contained in §4.1. Our main new results are contained in Theorem 1 in §4.2.
The simplest compact and non-compact nonsymmetric examples are contained in §4.3:
SU(3)/S(U(1)× U(1)× U(1)) and Sp(3,R)/S(U(1)× U(1)× U(1)).
In this paper we give the proof of the formulas referring to the semisimple case.
These formulas contain the Bernoulli numbers and the structure constants. Let us
recall that the Bernoulli numbers appear [33] also in connection with Kontsevich’s
universal formula for deformation quantization [35], in the context of the Duflo-Kirillov
isomorphism [22] and Kashiwara-Vergne conjecture [32]. Applications of the formulas
here proved to explicit boson expansions for collective models on Ka¨hler CS-orbits have
been given in [7]. Using the same formulas of the differential action of the generators
of semisimple Lie groups, we have written down the equations of motion generated by
linear generators of the groups on CS-orbits [8]. We have not included in this text the
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holomorphic representation of CS-groups of semidirect product type presented at the
Conference Operator algebras and Mathematical Physics in Sinaia, see [11].
We have underlined the deep relationship between coherent states and geometry [9].
Here we are interested in the algebraic aspect. Our approach is closely related with
those of reference [2], where are considered differential operators acting on coherent
states constructed on Lie algebras.
Let us also mention the “reflection symmetry” approach [27] to study simultaneously
the representations of the HW group and semisimple Lie groups. Applying the “restric-
tion principle” as a particular case it is obtained the Segal-Bargmann-Hall transform,
a generalization of the standard Segal-Bargmann transform for compact groups, see
references in [28].
We want to underline that in this paper we do not give an explicit construction of
the symmetric Fock space of functions FH on which the differential operators act. For
hermitian symmetric spaces a case by case investigation was started by Hua [31] and
developed by many authors, see e.g. [55, 14, 58, 59, 26, 57, 24, 48].
We use for the scalar product the convention: (λx, y) = λ¯(x, y), x, y ∈ H, λ ∈ C.
2. CS-representations, CS-vectors, reproducing kernel
Perelomov’s paper [51] generated the interest of theoretician physicists (e.g. [50])
and mathematicians (e.g. [41, 42]) in understanding the mathematical aspects of CS-
representations. Here we follow the formulation of Lisiecki [38, 39, 40] and Neeb [47].
The whole section just fixes the definition and collects some more or less known facts
about CS-representations. More details and proofs can be found in [8, 10].
2.1. Coherent state representations. Let us consider the triplet (G, π,H), where
π is a continuous, unitary representation of the Lie group G on the separable complex
Hilbert space H. Let us denote by H∞ the smooth vectors. Let us pick up e0 ∈ H∞ and
let the notation: eg,0 := π(g).e0, g ∈ G. We have an action G×H
∞ → H∞, g.e0 := eg,0.
When there is no possibility of confusion, we write just eg for eg,0.
Let us denote by [ ] : H× := H\{0} → P(H) = H×/ ∼ the projection with respect to
the equivalence relation [λx] ∼ [x], λ ∈ C×, x ∈ H×. So, [.] : H× → P(H), [v] = Cv.
The action G×H∞ → H∞ extends to the action G×P(H∞)→ P(H∞), g.[v] := [g.v].
Let us now denote by H the isotropy group H := G[e0] := {g ∈ G|g.e0 ∈ Ce0}.
We shall consider (generalized) coherent states on complex homogeneous manifolds
M ∼= G/H , imposing the restriction that M be a complex submanifold of P(H∞).
Definition 1. a) The orbit M is called a CS-orbit if there exits a holomorphic embed-
ding ι : M →֒ P(H∞). In such a case M is also called CS-manifold.
b) (π,H) is called a CS-representation if there exists a cyclic vector 0 6= e0 ∈ H
∞
such that M is a CS-orbit.
c) The groups G which admit CS-representations are called CS-groups, and their Lie
algebras g are called CS-Lie algebras.
For X ∈ g, where g is the Lie algebra of the Lie group G, let us define the unbounded
operator dπ(X) on H by dπ(X).v := d/dt|t=0 π(exp tX).v, whenever the limit on the
right hand side exists. The operator dπ(X) is the closure of its restriction to H∞. In
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particular, idπ(X)|H∞ is essentially selfadjoint (cf. Proposition X.1.5. p. 391 in [47]).
We obtain a representation of the Lie algebra g on H∞, the derived representation, and
we denote X.v := dπ(X).v for X ∈ g, v ∈ H∞. Extending dπ by complex linearity,
we get a representation of the universal enveloping algebra of the complex Lie algebra
gC on the complex vector space H
∞
(2.1) dπ : U(gC)→ B0(H
∞), with dπ(X).v :=
d
dt
∣∣∣∣
t=0
π(exp tX).v, X ∈ g.
B0(H
0) ⊂ L(H), where H0 := H∞, denotes the set of linear operators A : H0 → H0
which have a formal adjoint A♯ : H0 → H0, i.e. (x,Ay) = (A♯x, y) for all x, y ∈ H0.
Note that if B0(H
0) is the set of unbounded operators on H, then the domain D(A∗)
contains H0 and A∗H0 ⊆ H0, and it makes sense to refer to the closure of A ∈ B0(H0)
(cf. [47] p. 29; here A∗ is the adjoint of A).
We denote by B :=< expGC b > the Lie group corresponding to the Lie algebra b,
with b := b(e0), where b(v) := {X ∈ gC : X.v ∈ Cv} = (gC)[v]. The group B is closed in
the complexification GC of G, cf. Lemma XII.1.2. p. 495 in [47]. The complex structure
on M is induced by an embedding in a complex manifold, i1 : M ∼= G/H →֒ GC/B. We
consider such manifolds which admit a holomorphic embedding i2 : GC/B →֒ P(H
∞).
Then the embedding ι = i2 ◦ i1, ι :M →֒ P(H
∞) is a holomorphic embedding, and the
complex structure comes as in Theorem XV.1.1 and Proposition XV.1.2 p. 646 in [47].
We conclude this paragraph recalling some known facts about CS-orbits and CS-
representations (cf. [47]). Firstly, note that: If G[v] is a CS-orbit, then v is an analytic
vector (cf. Prop. XV 2.2 p. 651 in [47]). Now, let G be a connected Lie group such
that g contains a compactly embedded Cartan algebra t. Choosing e0 := vλ, where
λ ∈ it∗ is a primitive element of a unitary highest weight representation (πλ,Hλ), then:
G.[vλ] is a complex orbit in bijection via the momentum map with the coadjoint orbit
O−iλ ⊂ g∗, and every unitary highest weight representation is a CS-representation (cf.
Proposition XV.2.6 p. 652 in [47]). The CS-representations of connected Lie groups are
irreducible (cf. Proposition XV.2.7 p. 652 in [47]). Conversely, if g is an admissible Lie
algebra, G a connected Lie group with Lie algebra g, and (π,H) a CS-representation of
G with discrete kernel, then π is a unitary highest weight representation. If G.[e0] is a
CS-orbit, then e0 is a primitive element for an appropriate positive system of roots with
respect to a compactly embedded Cartan subalgebra and the orbit is the unique complex
orbit in P(H∞) (cf. Theorems XV.2.10 - 11 p. 655 in [47]).
2.2. Coherent state vectors. Now we construct what we call Perelomov’s generalized
coherent state vectors, or simply CS-vectors, based on the CS-homogeneous manifolds
M ∼= G/H .
We denote also by π the holomorphic extension of the representation π of G to the
complexification GC of G, whenever this holomorphic extension exists. In fact, it can
be shown that in the situations under interest in this paper, this holomorphic extension
exists [44, 46]. Then there exists a homomorphism χ0 (χ), χ0 : H → T, (χ : B → C
×),
such that H = {g ∈ G|eg = χ0(g)e0} (respectively, B = {g ∈ GC|eg = χ(g)e0}), where
T denotes the torus T := {z ∈ C||z| = 1}.
REALIZATION OF COHERENT STATE LIE ALGEBRAS BY DIFFERENTIAL OPERATORS 5
For the homogeneous space M = G/H of cosets {gH}, let λ : G → G/H be the
natural projection g 7→ gH , and let o := λ(1), where 1 is the unit element of G.
Choosing a section σ : G/H → G such that σ(o) = 1, every element g ∈ G can be
written down as g = g˜(g)h(g), where g˜(g) ∈ G/H and h(g) ∈ H . Then we have
(2.2) eg = e
iα(h(g))eg˜(g), e
iα(h(g)) := χ0(h) .
Now we take into account that M also admits an embedding in GC/B. We choose a
local system of coordinates parametrized by zg (denoted also simply z, where there is
no possibility of confusion) on GC/B. Choosing a section GC/B → GC such that any
element g ∈ GC can be written down as g = g˜bb(g), where g˜b ∈ GC/B, and b(g) ∈ B,
we have
(2.3) eg = Λ(g)ezg , Λ(g) := χ(b(g)) = e
iα(h(g))(ezg , ezg)
− 1
2 .
Let us denote by m the vector subspace of the Lie algebra g orthogonal to h, i.e.
we have the vector space decomposition g = h + m. It can be shown that for CS-
groups the vector space decomposition g = h+m is Ad H-invariant. The homogeneous
spaces M ∼= G/H with this decomposition are called reductive spaces (cf. [49]) and the
CS-manifolds are reductive spaces (cf. [10]). So, the tangent space to M at o can be
identified with m.
Let g˜(g) = expX, g˜(g) ∈ G/H, X ∈ m, eg˜(g) = exp(X)e0. Note that To(G/H) ∼=
g/h ∼= gC/b¯ ∼= (b + b¯)/b¯ ∼= b/hC, where we have a linear isomorphism α : g/h ∼= gC/b¯,
α(X + h) = X + b¯ (cf. [45]). We can take instead of m ⊂ g the subspace m′ ⊂ gC
complementary to b¯, or the subspace of b complementary to hC. If we choose a local
canonical system of coordinates {zα} with respect to the basis {Xα} in m’, then we can
introduce the vectors
(2.4) ez = exp(
∑
Xα∈m′
zαXα).e0 ∈ H.
We get
(2.5) eσ(z) = π(σ(z)).e0, z ∈M,
and we choose local coordinates in a neighborhood V0 ⊂ M of z = 0 corresponding to
σ(o) = e ∈ G such that
(2.6) eσ(z) = N(z)ez¯ , N(z) = (ez¯, ez¯)
−1/2.
Equations (2.4), (2.5), and (2.6) define locally the coherent vector mapping
(2.7) ϕ : M → H¯, ϕ(z) = ez¯,
where H¯ denotes the Hilbert space conjugate to H. We call the vectors ez¯ ∈ H¯ indexed
by the points z ∈ M Perelomov’s coherent state vectors.
2.3. Reproducing kernel. Let us introduce the function f ′ψ : GC → C, f
′
ψ(g) :=
(eg, ψ), g ∈ G,ψ ∈ H. Then f
′
ψ(gb) = χ(b)
−1f ′ψ(g), g ∈ GC, b ∈ B, where χ is the
continuous homomorphism of the isotropy subgroup B of GC in C
×. The coherent
states realize the space of holomorphic global sections Γhol(M,Lχ) = H
0(M,Lχ) on the
GC-homogeneous line bundle Lχ associated by means of the character χ to the principal
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B-bundle (cf. [50], [43]). The holomorphic line bundle is Lχ := M ×χ C, also denoted
L := M ×B C (cf. [17, 56]).
The local trivialization of the line bundle Lχ associates to every ψ ∈ H a holomorphic
function fψ on a open set in M →֒ GC/B. Let the notation GS := GC \ S, where S
is the set S := {g ∈ GC|αg = 0}, and αg := (eg, e0). GS is a dense subset of GC. We
introduce the function fψ : GS 7→ C, fψ(g) =
f ′
ψ
(g)
αg
, ψ ∈ H, g ∈ GS. The function fψ(g)
on GS is actually a function of the natural projection λ(g), λ : G→ G/H , holomorphic
in MS := λ(GS).
Supposing that the line bundle Lχ is already very ample, the symmetric Fock space
FH is defined as the set of functions corresponding to sections such that {f ∈ L
2(M,L)∩
O(M,L)|(f, f)FH <∞} with respect to the scalar product
(2.8) (f, g)FH =
∫
M
f¯(z)g(z)dνM(z, z¯),
where dνM(z, z¯) is the quasi-invariant measure on M
(2.9) dνM(z, z¯) =
ΩM (z, z¯)
(ez¯, ez¯)
.
Here ΩM is the G-invariant volume form
(2.10) ΩM := (−1)(
n
2) 1
n!
ω ∧ . . . ∧ ω︸ ︷︷ ︸
n times
,
and the Ka¨hler two-form ω on M is given by
(2.11) ω(z) = i
∑
α,β∈∆
m
′
Gα,βdzα ∧ dz¯β, Gα,β(z) =
∂2
∂zα∂z¯β
log(ez¯, ez¯).
It can be shown (cf. [43]) that the space of functions FH identified with L
2,hol(M,Lχ)
is a closed subspace of L2(M,Lχ) with continuous point evaluation and eq. (2.8) is
nothing else than the Parseval overcompletness identity [13]
(2.12) (ψ1, ψ2) =
∫
M=G/H
(ψ1, ez¯)(ez¯, ψ2)dνM(z, z¯), (ψ1, ψ2 ∈ H).
It can be seen that the relation (2.8) (or eq. (2.12)) on homogeneous manifolds
fits into Rawnsley’s global realization [53] of Berezin’s coherent states on quantizable
Ka¨hler manifolds [12], modulo Rawnsley’s “epsilon” function [53, 20], a constant for
homogeneous quantization. If (M,ω) is a Ka¨hler manifold and (L, h,∇) is a (quantum)
holomorphic line bundle L on M , where h is the hermitian metric and ∇ is the connec-
tion compatible with the metric and the complex structure, then h(z, z) = (ez¯, ez¯)
−1
and the Ka¨hler potential is − log h(z).
Let us now introduce the map
(2.13) Φ : H⋆ → FH,Φ(ψ) := fψ, fψ(z) = Φ(ψ)(z) = (ϕ(z), ψ)H = (ez¯, ψ)H, z ∈ V0,
where we have identified the spaceH complex conjugate to H with the dual space H⋆ of
H. Our supposition that Lχ is already a very ample line bundle implies the validity of
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Parseval overcompletness identity (2.12) (cf. Theorem XII.5.6 p. 542 in [47], Remark
VIII.5 in [43], and Theorem XII.5.14 p. 552 in [47]).
It can be defined a function K, K : M ×M → C, which on V0 × V0 reads
(2.14) K(z, w) := Kw(z) = (ez¯, ew¯)H.
Taking into account (2.13), it follows (see Proposition 1 in [8]) that if the line bundle
L is very ample, then the function K (2.14) is a reproducing kernel, the symmetric Fock
space FH is the reproducing kernel Hilbert space HK ⊂ C
M associated to the kernel K,
and the evaluation map Φ defined in eqs. (2.13) extends to an isometry
(2.15) (ψ1, ψ2)H⋆ = (Φ(ψ1),Φ(ψ2))FH = (fψ1 , fψ2)FH =
∫
M
fψ1(z)fψ2(z)dνM (z).
3. Representations of coherent state Lie algebras by differential
operators
3.1. Multipliers and coherent states. Recalling the definition of the function fψ
given in §2.3, we have
(3.1) fψ(z) = (ez¯, ψ) =
(π(g¯)e0, ψ)
(π(g¯)e0, e0)
, z ∈M,ψ ∈ H.
We get
(3.2) fπ(g′).ψ(z) = µ(g
′, z)fψ(g′
−1
.z),
where
(3.3) µ(g′, z) =
(π(g′
−1
g)e0, e0)
(π(g)e0, e0)
=
Λ(g′−1g)
Λ(g)
,
or
(3.4) µ(g′, z) = Λ(g¯′)(ez¯, ez¯′) = e
iα(g¯′) (ez¯, ez¯′)
(ez¯′, ez¯′)
1/2
.
The following assertion is easily checked up using successively eq. (3.3):
Remark 1. Let us consider the relation (3.1). Then we have (3.2), where µ can be
written down as in equations (3.3), (3.4). We have the relation µ(g, z) = J(g−1, z)−1,
i.e. the multiplier µ is the cocycle in the unitary representation (πK ,HK) attached to
the positive definite holomorphic kernel K defined by equation (2.14),
(3.5) (πK(g).f)(x) := J(g
−1, x)−1.f(g−1.x),
and the cocycle verifies the relation J(g1g2, z) = J(g1, g2z)J(g2, z).
Note that the prescription (3.5) defines a continuous action of G on Hol(M,C) with
respect to the compact open topology on the space Hol(M,C). If K : M × M¯ → C
is a continuous positive definite kernel holomorphic in the first argument satisfying
K(g.x, g.y) = J(g, x)K(x, y¯)J(g, y)∗, g ∈ G, x, y ∈ M , then the action of G leaves the
reproducing kernel Hilbert space HK ⊆ Hol(M,C) invariant and defines a continuous
unitary representation (πK ,HK) on this space (cf. Prop. IV.1.9 p. 104 in Ref. [47]).
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3.2. Hermitian representations and differential operators. Let us consider again
the triplet (G, π,H). Let g be the Lie algebra of G and let us denote by S := U(gC)
the semigroup associated with the universal enveloping algebra equipped with the anti-
linear involution extending the antiautomorphism X 7→ X∗ := −X¯ of gC. The derived
representation dπ defined by eq. (2.1) is a hermitian representation of S on H0 := H∞
(cf. Neeb [47], p. 30). As we have already noted, the unitarity and the continuity of
the representation π implies that idπ(X)|H∞ is essentially selfadjoint. Let us denote his
image in B0(H
0) with AM := dπ(S). If Φ : H
∗ → FH is the isometry (2.13), we are in-
terested in the study of the image of AM via Φ as subset in the algebra of holomorphic,
linear differential operators, ΦAMΦ
−1 := AM ⊂ DM .
The sheaf DM (or simply D) of holomorphic, finite order, linear differential operators
on M is a subalgebra of homomorphisms HomC(OM ,OM) generated by the sheaf OM
of germs of holomorphic functions of M and the vector fields. We consider also the
subalgebra AM of AM of differential operators with holomorphic polynomial coefficients.
Let U := V0 in M , endowed with the coordinates (z1, z2, · · · , zn). We set ∂i :=
∂
∂zi
and ∂α := ∂α11 ∂
α2
2 · · ·∂
αn
n , α := (α1, α2, · · · , αn) ∈ N
n. The sections of DM on U are
A : f 7→
∑
α aα∂
αf , aα ∈ Γ(U,O), the aα-s being zero except a finite number.
For k ∈ N, let us denote by Dk the subsheaf of differential operators of degree ≤ k
and by D′k the subsheaf of elements of Dk without constant terms. D0 is identified with
O and D′1 with the sheaf of vector fields. The filtration of DM induces a filtration on
AM .
Summarizing, we have a correspondence between the following three objects:
(3.6) g ∋ X 7→X ∈ AM 7→ X ∈ AM ⊂ DM , differential operator on FH.
Using eq. (2.12) and the reproducing kernel properties, it is easy to emphasize the
correspondence between the operators L ∈ B0(H0) and their images L = ΦLΦ
−1 in
AM defined on MS.
Remark 2. Let us consider φ, ψ ∈ H, and L ∈ B0(H0) related by
(3.7) φ = Lψ.
Then their images fφ, fψ ∈ FH are related by
(3.8) fφ(z) = L(z)fψ(z),
where the operator L = ΦLΦ−1 ∈ AM is determined by its symbol KL, expressed locally
as
(3.9) KL(z, w¯) := (ez¯,Lew¯) = L(z)(ez¯, ew¯).
Now we can see that
Proposition 1. If Φ is the isometry (2.13), then Φdπ(gC)Φ
−1 ⊆ D1.
Proof. Let us consider an element in gC and his image in DM , via the correspondence
(3.6), i.e.:
gC ∋ X 7→ X ∈ DM ; Xz(fψ(z)) = Xz(ez¯, ψ) = (ez¯,Xψ).
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The action G×M →M is a holomorphic one and we have successively:
Xz(fψ(z)) = (ez¯, dπ(X)ψ) =
d
dt
|t=0(ez¯, π(exp(tX))ψ)
=
d
dt
∣∣∣∣
t=0
fπ(exp(tX))ψ(z) =
d
dt
∣∣∣∣
t=0
µ(exp(tX), z)fψ(exp(−tX).z)
=
d
dt
∣∣∣∣
t=0
µ(exp(tX), z))fψ(z) + µ(0, z)
d
dt
∣∣∣∣
t=0
fψ(exp(−tX).z).
We have finally
(3.10) Xz(fψ(z)) =
(
PX(z) +
∑
QiX(z)
∂
∂zi
)
fψ(z),
where
PX(z) :=
d
dt
∣∣∣∣
t=0
µ(exp(tX), z), QiX(z) :=
d
dt
∣∣∣∣
t=o
(exp(−tX).z)i.

Now we formulate the following assertion:
Remark 3. If (G, π) is a CS-representation, then AM is a subalgebra of holomorphic
differential operators with polynomial coefficients, i.e. AM ⊂ AM ⊂ DM .
More exactly, for X ∈ g and X := dπ(X) ∈ AM , let us consider his image X ∈ AM
as in relation (3.6), acting on the space of functions FH. Then, for CS-representations,
we have that X ∈ A1 = A0 ⊕ A
′
1.
Explicitly, if λ ∈ ∆ is a root and Xλ is in a base of the Lie algebra gC of GC, then his
image Xλ ∈ DM acts as a first order differential operator on the symmetric Fock space
FH
(3.11) Xλ = Pλ +
∑
β∈∆
m
′
Qλ,β∂β, λ ∈ ∆,
where Pλ and Qλ,β are polynomials in z and m
′ is the subset of gC which appears in the
definition (2.4) of the coherent vectors.
Actually, we don’t have a proof of this assertion for the general case of CS-groups.
For the compact case, there exists the calculation of Dobaczewski [21], which in fact
can be extended also to real semisimple Lie algebras. For compact hermitian symmetric
spaces it was shown [5] that the degrees of the polynomials P and Q-s are ≤ 2 and
similarly for the non-compact hermitian symmetric case [6]. Neeb [47] gives a proof of
this Remark for CS-representations for the (unimodular) Harish-Chandra type groups.
Let us also remember that: If G is an admissible Lie group such that the universal
complexification G→ GC is injective and GC is simply connected, then G is of Harish-
Chandra type (cf. Proposition V.3 in [43]). Differentiating eq. (3.5) in order to obtain
the derived representation (2.1), we get two terms, one in D0 and the other one in D
′
1,
as was shown in Proposition 1. A proof that the two parts are in fact A0 and respec-
tively A′1 is contained in Prop. XII.2.1 p. 515 in [47] for the groups of Harish-Chandra
type in the particular situation where the space p+ in Lemma VII.2.16 p. 241 in [47]
is abelian. We present below explicit formulas for semisimple Lie groups and also the
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simplest example where the maximum degree of P and Q is 3. 
3.3. Simple examples.
3.3.1. Canonical commutation relations, Glauber’s coherent states and the Heisenberg-
Weyl Group. The example of the HW group is sketched here only to check up that the
formalization in previous sections leads in particular to the standard realization of the
canonical commutation relations (CCR) on FH [3], i.e. a 7→
∂
∂z
,a+ 7→ z.
The HW group here is the group with the 3-dimensional real Lie algebra isomorphic
to the Heisenberg algebra h1 ≡ gHW = < is1 + za
+ − z¯a >s∈R,z∈C, where the bosonic
creation (annihilation) operators a+ (respectively a) verify the CCR relations [a,a+] =
1, and the action of the annihilation operator on the vacuum is ae0 = 0.
Let H := L2(R, dx). Then FH := Γ
hol(C, i
2π
exp(−|z|2)dz ∧ dz¯). The infinite-
dimensional irreducible unitary Schro¨dinger representations πλ of the HW group are in-
dexed by λ ∈ R, where the infinitesimal character of the representation is χ′λ(z) = 2πiλ,
z ∈ z, the center of the Lie algebra of the group, and we take the standard represen-
tation (λ = 1). The CS-manifold M for the HW group is the quotient HW/R ≈ C.
Let us choose the section σ : M ≈ C → HW, σ(z) = (0, z). The CS-vectors (2.5) for
the HW-group (Glauber’s CS field [25]) are given by the unitary displacement operator
acting on the ground state
(3.12) eσ(z) := exp(z¯a
+ − za)e0 = e
− |z|2
2 ez¯,
where the Perelomov’s CS-vectors are
(3.13) ez := exp(za
+)e0,
and the constant N of eq. (2.6) here has the value given in (3.12) because
(3.14) (ez′, ez) = exp(z¯
′z).
The coherent vectors are eigenvectors of the annihilation operator aez = zez.
It is easy to see that
(3.15) (ez′,a
+ez) = z¯
′(ez′, ez),
which is compatible with the formal equation
(3.16) a+ez =
∂
∂z
ez,
a formula also noted by Glauber [25].
Equation (3.14) leads to the known expression of the reproducing kernel for M ≈ C
(3.17) K(z, w¯) := (ez¯, ew¯) := few¯(z) = exp(zw¯).
Kw¯ : z 7→ e
zw¯ are contained in FH and K is a positive kernel on C. We find
(3.18) Ka
+
(z, w¯) = (ez¯,a
+ew¯) =
∂
∂w¯
(ez¯, ew¯) = z(ez¯ , ew¯),
i.e.
(3.19) Φa+Φ−1(z) = z ∈ A0.
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Also
(3.20) Ka(z, w¯) = (ez¯,aew¯) = w¯(ez¯, ew¯) =
∂
∂z
(ez¯, ew¯),
i.e.
(3.21) ΦaΦ−1(z) =
∂
∂z
∈ A′1.
The operator ΦaΦ−1 (Φa+Φ−1) corresponding to a (respectively, a+) is acting on the
pre-Hilbert space H0K ⊂ FH corresponding to the reproducing kernel K(z, w¯) (3.17), w
fixed. a and a+ are formal adjoint on the pre-Hilbert space H0K , (av, w) = (v,a
+w),
v, w ∈ H0K , and a
+ is a♯ in the notation of §3.
Note that the principal vectors ew¯ ∈ FH in Bargmann’s terminology (see eq. (1.10)
in [3]), ew¯(z) = e
w¯z, correspond to the coherent vectors (3.13) parametrized with w¯, i.e.
ew¯ = exp(w¯a
+)e0. The isometry (2.13), Φ : H
∗ → FH, which sends one base in another
one, Φ(a
+n√
n!
e0) =
zn√
n!
, is the isometry (2.15), i.e. (ψ1, ψ2)H∗ = (Φ(ψ
1),Φ(ψ2))FH =
(fψ1 , fψ2)FH .
3.3.2. sl(2,C). Let us now consider the generators of sl(2,C)
(3.22) J+ =
(
0 1
0 0
)
, J− =
(
0 0
1 0
)
, J0 =
1
2
(
1 0
0 −1
)
,
which verifies the commutation relations:
[J0, J±] = ±J±; [J−, J+] = −2J0.
Then we can see that
Remark 4. Proposition 1 for sl(2,C) is realized as
(3.23) J+ = −
∂
∂z
, J− = −2jz + z2
∂
∂z
, J0 = j − z
∂
∂z
.
Proof. Indeed, let
g′ =
(
a′ b′
c′ d′
)
∈ sl(2,C).
Then eq. (3.2) becomes
fπ(g′)ψ(z) = (a
′ − c′z)2jfψ[(d′z − b′)(a′ − c′z)−1].
For example, the calculation for X = J+ corresponds to
g′ = g′(t) =
(
1 t
0 1
)
; µ(g′, z) = 1; fπ(g′)ψ(z) = fψ(z − t),
and by taking the derivatives at t = 0 we get the first relation (3.23). The other ones
are obtained similarly. 
If we use the CS-vectors ez = e
zJ+ej,−j for the minimal weight, i.e.
J+ej,−j 6= 0; J−ej,−j = 0; J0ej,−j = −jej,−j,
then we get formally
(3.24) J+ez = ∂ez ; J−ez = (2jz − z2∂)ez ; J0ez = (−j + z∂)ez .
12 STEFAN BERCEANU
Equations (3.23) and (3.24) differs by an overall “-” sign. See also Remark 5.
4. The semisimple case
4.1. Perelomov’s coherent vectors for semisimple Lie groups. All representa-
tions of compact Lie groups are CS-representations because these representations are
highest weight representations. Kostant and Sternberg [36] showed that for any repre-
sentation of a compact group G the orbit to a projectivized highest weight vector is the
only Ka¨hler coherent state orbit. Harish-Chandra [29] has defined highest weight repre-
sentations for non-compact semisimple (or even reductive) Lie groups. He has classified
square integrable highest weight representations. This classification has been fully real-
ized by Enright, Howe and Wallach, and independently by Jakobsen [23]. Lisiecki has
emphasized (cf. [38] and Theorem 6.1 in [40]) that: a non-compact semisimple Lie group
is a CS-group if and only if it is hermitian. If this is the case, the CS-representations of
G are precisely the highest weight representations. Each of them has a unique CS-orbit,
which is the orbit through highest line. The starting point of the proof of Lisiecki is the
paper of Borel [16], where it is proved: a noncompact semisimple Lie group G admits a
homogeneous Ka¨hler manifold if and only if it is of hermitian type, and such a manifold
is of the form G/ZG(S), where ZG(S) is the centralizer of a torus S ⊂ G; moreover, it
is a holomorphic fiber bundle over the Hermitian symmetric space G/K, where K is a
maximal compact subgroup of G, with (compact) flag manifolds K/ZG(S) as fibers.
Let us consider again the triplet (G, π,H) where (G, π) is a CS-representation. Then
this representation can be realized as an extreme weight representation. For linear
connected reductive groups with ZK(z) = k, where z denotes the center of the Lie
algebra k of K, the effective representation is furnished by the Harish-Chandra theorem
(cf. e.g. [34], p. 158). The theorem furnishes the holomorphic discrete series for the
non-compact case, and for the compact case it is equivalent with the Borel-Weil theorem
([54]; also cf. [34], p. 143).
We use standard notation referring to Lie algebras of a complex semisimple Lie group
G [60]. In this case ∆ ≡ ∆s, i.e. ∆r = {∅}, i.e. all roots are semisimple.
g – complex semisimple Lie algebra
t ⊂ g – Cartan subalgebra
b = t + bu – Borel subalgebra
bu =
∑
α∈Σ+ gα – the nilradical of b
Σ – root system for (g, t)
Σ+ – a positive root system
Ψ – a simple root system for Σ
Σ ∋ α =
∑
µ∈Ψ nµ(α)µ – unique, nµ ∈ N, nµ(α) ≥ 0 if α ∈ Σ
+;nµ(α) ≤ 0 if α ∈ Σ
−
Ψ ⊃ Φ −→ Φr = {α ∈ Σ;nµ(α) = 0 whenever µ /∈ Φ}
Φu = {α ∈ Σ;nµ(α) > 0 for some µ /∈ Φ} = Σ
+ \ {Σ+ ∩ Φr}
pΦ = p
r
Φ + p
u
Φ - parabolic subalgebras of g corresponding to Φ ⊂ Ψ
prΦ = t +
∑
α∈Φr gα – the reductive part of pΦ
puΦ =
∑
α∈Φu gα – the unipotent part of pΦ
∆0 = Φ
r; ∆− = −Φu; ∆+ = Φu
B = {g ∈ G; Ad(g)b = b} – Borel subgroup (maximal solvable)
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P = {g ∈ G; Ad(g)p = p} – parabolic subgroup (contains a Borel subgroup).
In the notation of Definitions VII.2.4 p. 234, VII.2.6 p. 236 and VII.2.22, p. 244 in
[47] we have Φu ≡ ∆+p and Φ
r ≡ ∆k.
We also need the commutation relations in the Cartan-Weyl basis [30]
(4.1)

[Hi, Hj] = 0, i = 1, . . . , r, Hi ∈ t,
[Hi, Eα] = αiEα, αi = α(Hi),
[Eα, Eβ] = nα,βEα+β , α+ β ∈ ∆ \ {0},
[Eα, Eβ] = 0, α+ β /∈ ∆ ∪ {0},
[Eα, E−α] = Hα =
∑
αiHi.
As a consequence, we have also the commutation relations:
(4.2)
{
[E−γ , Eγ] = −γH, γH := (γ,H) =
∑r
j=1 γjHj;
[H,Eα] = α(H)Eα.
If the extreme weight j (here minimal) of the representation has the components
j = (j1, · · · , jr), where r is the rank of the Cartan algebra, then
(4.3)
{
Hkej = jkej , k = 1, . . . , r;
Eαej = 0, α ∈ ∆− ∪∆0.
Now we take into account that (π,H) is a unitary representation of the group G
on the Hilbert spaceH. Recall that idπ(X)|H∞ is essentially selfadjoint. If {Hk, Eα}
is the Cartan-Weyl base (4.1) of complex Lie algebra g, a base of the compact real form
of g is iHk, i(Eα +E−α), Eα−E−α, α ∈ ∆+. The essentially selfadjointness condition
implies that H∗k = Hk and E
∗
α = E−α, α ∈ ∆+. A base of a real (noncompact) form
of g is iHk, Eα + E−α, −i(Eα − E−α). If we denote Kα := iEα, then we have also
K∗α = K−α. So, it is convenient to introduce the notation
Fα :=
{
Eα, for the compact case
Kα, for the noncompact case
.
For any element X ∈ g the corresponding X ∈ AM is a linear combination
X =
∑
c′kiHk +
∑
α∈∆+
b′αFα − b¯
′
αF−α,
where c′k ∈ R, b
′
α ∈ C. So, for G ∋ g = e
X , X ∈ g we have the following realization of
equation (2.2)
eg,j = exp(X)ej = e
iα(g)eb,j, eb,j := exp(
∑
α∈∆+
bαFα − b¯αFα)ej .
In accord to (2.4), the Perelomov’s CS-vectors are
(4.4) eb,j = N(z)ez,j , ez,j = exp(
∑
α∈∆+
zαF α)ej,
where zα are local coordinates for the coordinate neighborhood V0 ⊂M .
14 STEFAN BERCEANU
4.2. Differential operators on semisimple Lie group orbits. We start introducing
the notation
Z :=
∑
α∈∆+
zαEα, ∂α(Z) = Eα, ∂α =
∂
∂zα
, α ∈ ∆+.
With this notation, the Perelomov’s coherent state vectors are
(4.5) ez,j = expZej ,
but when not necessarily, the subindex j will be omitted.
In this paragraph we use a formal method to get the holomorphic differential action
(3.11) of a generator X of the Lie algebra g of the group G on the homogeneous space
M = G/H . This method was developed in [5] (see also [4]) and applied in [6].
Let us consider Perelomov’s coherent state vectors (4.5). We associate to every
generator X ∈ g a formal operator DX on AM , where X := dπ(X). Then we make the
following
Remark 5. Let us suppose that we have the relation
X.ez = DX(z).ez,
where ez is the Perelomov’s state vector (2.4), in particular (4.5), belonging to the
Hilbert space H of the unitary continuous representation π, and z are local coordinates
on the homogeneous manifold M = G/H. We suppose that DX is a first order differ-
ential operator with polynomial coefficients of the form (3.11). Then the differential
action X on the symmetric Fock space FH
(4.6) Xz(ez¯, ew¯) := (ez¯,X.ew¯)
is given by
(4.7) Xz = DX+(z).
We can also write down the relation
(4.8) Xw¯(ez¯, ew¯) = (X
+)z(ez¯, ew¯).
Proof. Indeed, let
few¯(z) = (ez¯, ew¯) = K(z, w¯).
Then
KX(z, w¯) = (ez¯,X.ew¯) = (X
+.ez¯, ew¯) = DX+(z)(ez¯ , ew¯).

If G is a Lie group and g is its Lie algebra, we shall use the formula (cf. [19] III, §6.4,
Corollary 3, p. 313 )
(4.9) Ad(expZ) = exp adZ , Z ∈ g,
i.e. (cf. [19], II, §6.5, eq. (22)):
(4.10) eZXe−Z =
∑
n≥o
1
n!
adnZX, X,Z ∈ g,
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where
adYX = [Y,X ], ad
m
Y X = [Y, ad
m−1
Y X ], m > 1, ad
0
YX = X.
We also use the relation
(4.11) eZ∂α(e
−Z) = −
[
∂α(Z) +
∑
n≥1
1
(n+ 1)!
adnZ∂α(Z)
]
,
∂α(Y ) = ∂αY − Y ∂α = −adY (∂α).
We recall the definition of the Bernoulli numbers Bi [1]:
(4.12)
x
1− e−x
= 1 +
1
2
x+
∑
k≥1
(−1)k−1
Bkx
2k
(2k)!
=
∑
n≥0
cnx
n,
(4.13) c0 = 1; c1 =
1
2
; c2k+1 = 0; c2k =
(−1)k−1
(2k)!
Bk,
(4.14) B1 =
1
6
; B2 =
1
30
; B3 =
1
42
; B4 =
1
300
, ...
We need:
Lemma 1. Let the relation:
(4.15)
1
n!
=
n∑
k=0
ck
1
(n− k + 1)!
.
Then the constants ck of eq. (4.15) verifies the definition (4.12).
Proof. We have successively:∑
n≥0
1
n!
xn =
∑
k,n;n≥k
ck
xn
(n− k + 1)!
=
∑
k,m≥0
ck
1
(m+ 1)!
xm+k
=
∑
k≥0
ckx
k
∑
m≥0
xm
(m+ 1)!
.
We obtain
xex =
∑
k≥0
ckx
k[ex − 1] .

We need also another formula similar to (4.15).
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Lemma 2. Let the constants dk be defined by the relation:
(4.16)
1
(n + 2)!
=
n∑
k=0
dk
1
(n− k + 1)!
.
Then the constants c and d are related by
(4.17) dk = (−1)
kck+1 .
Proof. ∑
n≥0
1
(n+ 2)!
xn+2 =
∑
n≥0
n∑
k=0
dk
xn+2
(n− k + 1)!
=
=
∑
k≥0
dkx
k+1
∑
m≥0
xm+1
(m+ 1)!
.
So
(ex − 1)
∑
k≥0
dkx
k+1 = ex − x− 1 .
∑
k≥0
dkx
k =
ex − 1− x
x(ex − 1)
=
1
x
−
1
ex − 1
= −
1
x
∑
n≥1
cn(−x)
n
=
∑
k≥0
ck+1(−1)
kxk.
Eq. (4.12) was used. Equation (4.17) is proved. 
Now we formulate the main result of the present paper:
Theorem 1. Let G be a semisimple Lie group admitting a CS-representation π. If
Xλ ∈ g is a generator of the group G, then the corresponding holomorphic first-order
differential operator Xλ associated to the derived representation dπ, Xλ ∈ D1 = D0⊕D
′
1,
has polynomial coefficients, Xλ ∈ A1. More exactly,
(4.18) Xλ = Pλ +
∑
β∈∆+
Qλ,β∂β , λ ∈ ∆,
where Pλ and Qλ,β are polynomials in z on the G-homogeneous CS-manifold M .
Explicitly, the differential operators {Eα,Hi} corresponding to the Cartan-Weyl base
{Eα, Hi} (4.1) are as follows:
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a) For α ∈ ∆+,
(4.19) Eα =
ν∑
k≥0
ck
∑
β∈∆+
pkαβ(z)∂α+β ,
where the coefficients ck, related to the Bernoulli numbers by eq. (4.13), are given by
eq. (4.15). The polynomials pkαβ, k ∈ N, α ∈ ∆+ are given by the equation:
(4.20) pkαβ(z) =
∑
α1,··· ,αk
α1+···+αk=β
nα1···αkαzα1 · · · zαk , k ≥ 1,
where
(4.21) nα1···αkα = nα1,αnα2,α+α1 · · ·nαk,α+α1+···+αk−1 , (k ≥ 1, α0 = 0),
and nαβ , α, β ∈ ∆+ are the structure constants of eq. (4.1), and for k = 0 the sum
(4.19) is just ∂α.
The expression (4.19) can be put also into a form in which the Bernoulli numbers
are explicit:
(4.22) Eα = ∂α +
1
2
∑
β∈∆+
zβnβ,α∂α+β +
ν∑
k≥1
(−1)k−1
(2k)!
Bk
∑
β∈∆+
pkαβ∂α+β .
The degree of the polynomial p has the property: degree pkαβ ≤ ν; pkαβ as a function
of z contains only even powers. The table below contains the values of ν.
Degree ν for simple Lie algebras
Al : ν = l − 1 l ≥ 1 E6 : ν = 10 G2 : ν = 4
Bl : ν = 2l − 2 l ≥ 2 E7 : ν = 16
Cl : ν = 2l − 2 l ≥ 2 E8 : ν = 28
Dl : ν = 2l − 4 l ≥ 3 F4 : ν = 10
b) The differential action of the generators of the Cartan algebra is:
(4.23) H = j +
∑
β∈∆+
βzβ∂β .
c) If (α, j) = 0, then
(4.24) Eα = −
∑
β∈∆+
nβ,−αzβ−α∂β.
d) If γ ∈ ∆− is a simple root, then
(4.25) Eγ = jγz−γ +
ν∑
k≥0
dk
∑
δ,β∈∆+
qγδ(z)pkδβ(z)∂β+δ,
where the coefficients d are expressed through the coefficients c by eq. (4.17).
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The expression of the polynomials qγδ, γ ∈ ∆−, δ ∈ ∆+ is
(4.26) qγδ = −γz−γδzδ +
∑
µ∈∆+
zδ−µ−γnδ−µ−γ,γzµnµ,δ−µ.
In the case of a Hermitian symmetric space eq. (4.19) becomes just:
(4.27) Eα = ∂α,
while eq. (4.25) becomes
−E−α = K
−
α = (α, j)zα +
1
2
zα
∑
β∈∆+n
(α, β)zβ∂β
−
1
2
zα
∑
γ−α∈∆k\{0}
nγ,−αnγ−α,−βzβ+α−γ∂β
Proof. a) Let α ∈ ∆+.
We apply the formula (4.10):
eZEαe
−Z =
∑
n≥o
1
n!
adnZEα
=
∑
k,n≥0
ck
(n− k + 1)!
adnZEα
=
∑
k≥0
ck
∑
m≥0
1
(m+ 1)!
admZ (ad
k
ZEα).
But
adkZEα =
∑
α1,··· ,αk
zα1 · · · zαknα1···αkαEα+α1+···+αk ,
and the expression (4.19) is obtained by successive application of the third commutation
relation (4.1). The sum α+α1+ ...+αk goes until a k = ν corresponding to the largest
root (cf. [18], Chapter VI, Tables pp. 250-273). So the expression (4.20) follows.
The relation
adkZEα =
∑
β
pkαβ(z)Eβ+α
leads to
eZEαe
−Z = −
ν∑
k≥0
ck
∑
β
pkαβ(z)e
Z∂α+β(e
−Z).
The relations (4.19), (4.22) are proved.
For example, for the A-series [18]:
Al : ◦ ◦ · · · ◦ ◦
α1 α2 αl−1 αl
The maximal root is: α1 + · · ·+ αl. This implies the degree ν for simple Lie algebra
Al. Similarly for the other cases.
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b), c) The differential actions corresponding to the generators of the Cartan algebra
(eq. (4.23) and eq. (4.24)) were calculated in [5, 6] using the formula (4.10) and the
commutation relations (4.1).
d) Let γ ∈ ∆− be simple root. Then [Eα, Eγ] = nαγEα+γ . It is observed that α ∈ ∆+,
α + γ ∈ ∆ implies α + γ ∈ ∆−.
Indeed, if: α+ γ ∈ ∆− then γ = −α+ δ, δ ∈ ∆−,−α ∈ ∆−, i.e. γ is not simple. But
this is not true!
So:
α + γ
 ∈ ∆0 , or∈ ∆+ , or= 0.
Now we do some preliminary calculation:
[Z,Eγ] =
∑
α∈∆+
α+γ∈∆+
zαnαγEα+γ +
∑
α∈∆+
α+γ∈∆0
zαnαγEα+γ − zγγH.
Next
[Z,H ] =
∑
α∈∆+
zα[Eα, H ] = −
∑
α∈∆+
αzαEα.
Also:
[Z,Eβ] =
∑
µ∈∆+
µ+β∈∆+
zµnµβEµ+β , β ∈ ∆0, β = α + γ.
We have used the relations (4.1), (4.2).
We apply again the formula (4.10):
eZEγe
−Z =
∑
n≥0
1
n!
adnZEγ =
= Eγ +
∑
m≥0
1
(m+ 1)!
admZ [Z,Eγ] =
= Eγ −
∑
α∈∆+
α+γ∈∆+
zαnαγe
Z∂γ+α(e
−Z) +
+
∑
α∈∆+
α+γ∈∆0
zαnαγEα+γ − γzγH +R ,
where
(4.28) R :=
∑
m≥1
1
(m+ 1)!
adm−1Z [q] ,
and
(4.29) q := −γz−γ
∑
α∈∆+
αzαEα +
∑
α,µ,α+γ∈∆+
α+γ+µ∈∆+
zαnαγzµnµ,α+γEµ+α+γ .
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Changing the summation variable α → δ in the first sum in the expression (4.29)
and denoting µ + α + γ → δ in the second sum of the same expression, we get finally
for q the formula
(4.30) q =
∑
δ∈∆+
qγδEδ ,
and the formula (4.26) is proved.
We continue to calculate R:
R =
∑
m≥0
1
(m+ 2)!
admZ
∑
δ∈∆+
qγδEδ .
Now we use eq. (4.16). Then
(4.31) R = −
∑
k≥0
dk
∑
β,δ∈∆+
qγ,βpkδβ(z)e
Z∂δ+β(e
−Z) .
So we get finally:
eZEγe
−Z = Eγ −
∑
α∈∆+
α+γ∈∆+
zαnαγe
Z∂γ(e
−Z)−
−γz−γH +
∑
α∈∆+
α+γ∈∆0
zαnαγEα+γ +R ,
and eq. (4.25) is proved. 
4.3. Examples.
4.3.1. M = SU(3)/S(U(1)× U(1)× U(1)). In this section we follow closely [37].
The commutation relations of the generators are:
(4.32) [Cij , Ckl] = δjkCil − δilCkj, 1 ≤ i, j ≤ 3.
Let us consider the following parametrizations useful for the Gauss decomposition
and also in the definition of the coherent states for the manifold M :
(4.33) V+(ζ) := exp(ζ12C12 + ζ13C13 + ζ23C23),
(4.34) V ′+(z) := exp(z23C23) exp(z12C12 + z13C13).
Let us denote by the same letter Cij the n × n-matrix having all elements 0 except
at the intersection of the line i with the column j, that is Cij = (δaiδbj)1≤a,b≤n. Here
n = 3. Then:
(4.35) V+(ζ) =
 1 ζ12 ζ13 + 12ζ12ζ230 1 ζ23
0 0 1
 ,
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(4.36) V ′+(z) =
 1 z12 z130 1 z23
0 0 1
 .
Now observing that for
(4.37) z12 = ζ12; z13 = ζ13 +
1
2
ζ12ζ23; z23 = ζ23 ,
we get
(4.38) V+(ζ) = V
′
+(z) .
So we have two parametrizations of the compact non-symmetric flag manifold M =
SU(3)/S(U(1)) × U(1) × U(1)): one in ζ , given by eq. (4.35) and the other one in z,
given by (4.36), which are identified using the relations (4.37).
Let us consider also the vectors
(4.39)
φz = [V
′
+(z)]
+φw
= exp(z¯12C21 + z¯13C31) exp(z¯23C32)φw .
φw is chosen as maximal weight vector corresponding to the weight w = (w1, w2, w3)
such that j1 = ω1 − ω2 ≥ 0, j2 = ω2 − ω3 ≥ 0 and the lowering operators are Cij, i > j,
while Cii corresponds to the Cartan algebra, i.e.
(4.40)
 Cijφw 6= 0, i > j ;Cijφw = 0, i < j ;
C iiφw = wiφw .
The coherent vectors corresponding to the representation πw determined by eqs. (4.40)
are introduced as
(4.41) ez = πw((V
′
+(z))φw .
Denoting by Z the matrix
(4.42) Z =
 1 z12 z130 1 z23
0 0 1
 ,
the reproducing kernel which determines the scalar product (ez¯, ez¯) has the expression:
K(ZZ+) = ∆j11 (ZZ
+)∆j22 (ZZ
+);
∆1 = 1 + |z12|
2 + |z13|
2;
∆2 = (1 + |z12|
2 + |z13|
2)(1 + |z23|
2)− |z12 + z13z23|
2.
In particular, it is observed that z23 = 0 corresponds to the manifold SU(3)/S(U(2)×
U(1)) = G1(C
3) = CP2.
In order to compare with the scalar product for coherent states on M ≈ CP2 ≈
G1(C
3) we remember that in the case of the Grassmannian we have used in [5, 6] a
weight which here corresponds to w1 = 1, w2 = w3 = 0 and then on CP
2 the reproducing
kernel is just
K(ZZ+) = ∆1.
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We underline that the calculation given below, which will proof Lemma 4, is algebraic,
and we do not use the value of the reproducing kernel.
Let us introduce the simplifying notation
(4.43) E(z) := V ′+(z) .
We shall find the operators C˜ij such that
(4.44) ECij = C˜ijE .
Then
(4.45) (ez,Cijez) = (φw, ECijE
+φw) = (φw, C˜ijEE
+φw) = C˜ij(ez, ez) .
In the coherent state representation (4.41) C is the differential operator associated to
the operator πw(C).
Lemma 3. The operators C˜ ij associated to the operators C ij as in (4.44) are given by
the formulas:
C˜11 = C11 − z12
∂
∂z12
− z13
∂
∂z13
,
C˜12 =
∂
∂z12
,
C˜13 =
∂
∂z13
,
C˜21 = C21 + z12(C11 −C22)− z
2
12
∂
∂z12
− (z13 − z12z23)
∂
∂z23
− z12z13
∂
∂z13
,
C˜22 = C22 + z12
∂
∂z12
− z23
∂
∂z23
,
C˜23 =
∂
∂z23
+ z12
∂
∂z13
,
C˜31 = C31 + z23C21 − z12C32 + z13(C11 −C33)− z12z23(C22 −C33)− z
2
13
∂
∂z13
−z23(z13 − z12z23)
∂
∂z23
− z12z13
∂
∂z12
,
C˜32 = C32 + z23(C22 −C33)− z
2
23
∂
∂z23
+ z13
∂
∂z12
,
C˜33 = C33 + z23
∂
∂z23
+ z13
∂
∂z13
.
Proof. First, it is observed that
∂E
∂z23
= C23E;
∂E
∂z13
= C13E;
∂E
∂z12
= (C12 − z23C13)E .
Then formula (4.10) is applied, taking into account the commutation relations (4.32).
One important observation is that in the relation (4.34) the generators in the second ex-
ponential commutes and in fact this equation is expressed in one-parameter subgroups.
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Another useful relation is
exp(z23C23) exp(z12C12 + z13C13) exp(−z23C23) = exp(z12C12 + (−z12z23 + z13)C13)

Lemma 4. The differential operators Cij associated to the generators Cij are given by
the formulas:
C11 = −z12∂12 − z13∂13 + w1 ,
C12 = ∂12 ,
C13 = ∂13 ,
C21 = −z
2
12∂12 − z12z13∂13 + (z12z23 − z13)∂23 + (w1 − w2)z12 ,
C22 = z12∂12 − z23∂23 + w2 ,
C23 = z12∂13 + ∂23 ,
C31 = −z12z13∂12 − z
2
13∂13 + (z12z23 − z13)z23∂23 +
(w1 − w3)z13 − (w2 − w3)z12z23 ,
C32 = z13∂12 − z
2
23∂23 + (w2 − w3)z23 ,
C33 = z13∂13 + z23∂23 + w3 .
Proof. The operators determined in Lemma 3 are used taking into account eqs. (4.40).

We have underlined the apparition of a third-degree polynomial multiplying the par-
tial derivative of C31. Note also the relation C11 + C22 + C33 = w1 + w2 + w3.
4.3.2. M = Sp(3,R)/S(U(1)× U(1)× U(1)). This is an example of a non-symmetric,
non-compact manifold. Other simple examples can be constructed taking quotients of
the groups SO∗(6) or SU(2, 1).
Firstly, note that:
Sp(3,R)/S(U(1)× U(1)× U(1)) = Sp(3,R)/SU(3)︸ ︷︷ ︸
Siegel bull
×SU(3)/S(U(1)× U(1)× U(1)).
The expression of the reproducing kernel is:
K(ζζ+) = ∆j11 (ζζ
+)∆j22 (ζζ
+)∆j33 (ζζ
+) ,
where
ζ = ZW ; WW+ = (1− SS+)−1;S = St,
W is a 3× 3 triangular matrix and
ζζ+ = Z(1− SS+)−1Z+ .
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The differential action of the generators is given by the formulas (i, j = 1− 3):
C˜ij = Cij +
3∑
r=1
sir(
∂
∂sjr
+
∂
∂srj
) ,
X˜ij =
1
2
(
∂
∂sij
+
∂
∂sji
) ,
Y˜ij =
1
2
3∑
r,r′=1
sirsjr′(
∂
∂srr′
+
∂
∂sr′r
) +
1
2
3∑
r=1
(sirCjr + sjrCir) .
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